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Abstract—Simulation of metasurfaces usually needs many
computational resources and is time-consuming. This paper
introduces susceptibilities into FDTD to accelerate the speed
of metasurfaces analysis based on Generalized Sheet Transition
Conditions (GSTCs). Susceptibilities are uniquely determined by
the size and shape of scattering particles of metasurfaces, which
are a homogenization of a unit cell. To simulate a metasurface, the
physical scattering particles constructing the metasurface are first
mapped into a distribution of susceptibilities. The distribution
of susceptibilities are then be analyzed by our method named
FDTD-GSTC. The results of our method agrees well with HFSS
and conventional FDTD. The consumed time of our method is
10 times shorter than conventional FDTD and number of grids
in problem space of our method is 3 times less than conventional
FDTD.
Index Terms—Metasurface; Generalized Sheet Transition Con-
ditions (GSTCs); Finite Difference Time Domain (FDTD); sus-
ceptibilities
I. INTRODUCTION
Metasurfaces, composed of a set of two dimensional sub-
wavelength scatterers, have received much attention in recent
years. By introducing abrupt phase shift along the propagation
path of the wave, metasurfaces can control wave-fronts of
electromagnetic waves [1]. It has many possible applications
because it can manipulate electromagnetic waves to produce
desired properties which cannot be found in nature [2].
The design of a metasurface usually includes three steps:
(a) transform the desired performance of the electromagnetic
fields into a distribution of some parameters, such as phase
[3] and susceptibilities [4]; (b) map the parameters obtained
in the first step into a physical structure, such as the anchor,
the Jerusalem cross, the ring, the square patches [3] and so on;
(c) simulate the physical structures to verify the performance.
Usually, the last step is very time-consuming, because a
metasurface is composed of at least hundreds of different
scatterers and some of them may have complicated structures.
Consequently, many meshes are needed in numerical simula-
tions to model the structures of the metasurface. This situation
imposes huge burden on computer resources.
A smart way to address this situation is introducing a
boundary condition to replace the metasurface. To date, only
a small number of related techniques have been developed.
One existing way is based on a surface impedance boundary
condition [5], in which the metasurface was characterized by
a scalar surface impedance. The method adopted an integral
formulation i.e. the moment method, transforming the surface
impedance into equivalent surface current densities. However,
this technique has many limitations since the impedance is
not an intrinsic property of metasurfaces, which depends on
the frequency, incident angles and polarizations of the incident
waves.
By contrast, it has been found that electric and magnetic
susceptibilities are uniquely defined by the size and shape
characteristics of the scattering particles of the metasurface
[6]. Susceptibilities are determined by performing average of
electromagnetic fields for a unit cell which composes the
meatsurface and the period of the cell is sub-wavelength. In
other words, susceptibilities are a parameter used to represent
the property of the metasurface, similar to ǫ and µ for a
material. Therefore, if we can simulate susceptibilities instead
of physical structures, there will unnecessarily need too many
meshes to accurately depict the physical structures. Although
susceptibilities have been introduced into FD method [7] [8]
and FEM method [9] before, they only considered the problem
from mathematical view, calculating a continuous distribution
of susceptibilities which are just a results from mathematical
relations. In other words, they do not consider a physical
structure.
Consequently, based on Generalized Sheet Transition Con-
ditions (GSTCs) [10], the present paper introduces susceptibil-
ities into FDTD, using a discrete distribution of susceptibilities
to represent a metasurface . Since metasurfaces act like an
infinitesimal sheet, reflection and transmission by this sheet
can be appropriately characterized by GSTCs. GSTCs link
the electromagnetic fields on two sides of a thin sheet by
electric and magnetic polarizations, bringing both electric and
magnetic discontinuities. A brief derivation of GSTCs will
be given in section II, which shown that the right side of
GSTCs can be seen as surface current densities. As a result,
the susceptibilities can be introduced into FDTD with a form
of current densities.
Our method starts with susceptibility extraction of the unit
cells and since this is beyond the main purpose of this paper, it
is just briefly introduced in section II. After this, the physical
structures are mapped into a distribution of susceptibilities.
Those susceptibilities are then introduced into FDTD to sim-
ulate the performance of the designed metasurface. Briefly
2speaking, this paper uses susceptibilities to represent the
metasurface for improving efficiency of a full-wave analysis
for a metasurface.
This paper is organized as follow: in section II, GSTCs
are briefly derived from Maxwell equations, formulations and
procedure of implementation of our method are given; in sec-
tion III, two simulation examples are illustrated and verified by
HFSS and conventional FDTD. The first example is a uniform
metasurface, so a periodic boundary condition is adopted. The
first example is to demonstrate that the proposed method is
valid in a wide range of frequencies. The second example is
a non-uniform metasurface. The simulation results agree well
with HFSS and conventional FDTD, while the consuming time
of FDTD-GSTC is much shorter than conventional FDTD.
II. METHOD
The conventional FDTD solves Maxwell equations based on
the staircase grid of Yee cells, so objects in a problem space
are represented by the staircase grid [11]. It is obvious that
more complicated the objects are, more grids are needed.
In terms of metasurface simulations, the objects in the
problem space are hundreds of scattering particles and the
scattering particle may have a complicated structure, so in
some cases, hundreds of grids would be needed to depict a
single scattering particle. Readers can imagine how many grids
are needed to simulate a metasurface composed of hundreds
of complicated scattering particles.
Fortunately, susceptibilities, which is a homogenized prop-
erty of a unit cell, are found uniquely defined by the size and
shape of a scattering particle. Therefore, if the metasurface
are represented by a discrete distribution of susceptibilities,
the number of grids in the problem space would be greatly
reduced.
This section will show how susceptibilities represent a
metasurface and how to introduce susceptibilities into FDTD.
A. modeling of metasurfaces
If metasurfaces were seen as a material, there should be a
parameter to model the metasurfaces. It has been found that
susceptibilities are good at modeling metasurfaces. As shown
in Fig.1, a metasurface composed of same scattering particles
can be modeled as a material whose property is represented by
susceptibility tensors, χ¯. Susceptibilities are a homogenization
of a given periodic element.
As we know, metasurfaces can cause a change in phase,
amplitude or polarization. Readers may then ask how to model
the interaction of electromagnetic fields on the susceptibilities
to have as same scattering and transmission properties as a
physical metasurface. The answer would be Generalized Sheet
Transition Conditions (GSTCs). Since GSTCs is introduced
into synthesis and analysis of metasurfaces in 2003 [12], it is
believed very efficient in analyzing a surface of electrically
small scatterers characterized by electric and magnetic polar-
izations. As shown in Eq.1, the electric and magnetic fields
on opposite side of a metamaterial are linked by the electric
and magnetic polarizations.
ݕ
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Fig. 1. An infinitesimal thin metasurface composed of same scattering
particles can be modeled by as a material characterized by susceptibilities,
which is uniquely determined by the size and shape of the scattering particles.
The electromagnetic discontinuities, caused by metasurfaces
perpendicular to z direction in a Cartesian coordinate system,
can be expressed through GSTCs in the form [7]
zˆ ˆ△ ~H “ jω ~P} ´ zˆ ˆ∇}Mz (1a)
△ ~E ˆ zˆ “ jωµ ~M} ´∇}pPz{ǫq ˆ zˆ (1b)
where △ ~H and △ ~E represent the difference of electromag-
netic field on the two sides of the metasurfaces and the
subscript } represents components transverse to zˆ. P is electric
polarization densities and M is magnetic polarization densi-
ties, representing densities of electric and magnetic moments
in the metasurface. ~P and ~M can be approximately written in
the form [12]
~P “ ǫ0χ¯e ~Eav (2a)
~M “ χ¯m ~Hav (2b)
where χ¯e and χ¯m are susceptibility tensors and ~Eav is the
average value of electrical field on the two sides of the
metasurface, so as ~Hav.
Until now it becomes clear that the susceptibilities can be
introduced into FDTD to simulate a metasurface efficiently.
As shown in Fig.??, if a unit cell simulated by conventional
FDTD, there may need 36 grids to depict the structure, while
by introducing susceptibilities into FDTD, one grids is enough.
6 ˆ 6 grids 1 grid
χ¯
Fig. 2. a unit cell of a physical structure depicted by grids and a unit cell
represented by susceptibilities depicted by grids.
B. a derivation of GSTCs
This subsection will show how to introduce susceptibilities
into FDTD. Since our method is based on GSTCs, we start
with a brief derivation of GSTCs from Maxwell equations
3to help readers to understand our work. One of Maxwell
equations is as Eq.3:¿
~Bp~r, tqd~l “ ǫ0µ0
d
dt
ĳ
s
~Ep~r, tqd~s`µ0
ĳ
s
~Jtotalp~r, tqd~s (3)
in which the currents can be divided into three parts [13], i.e.
~Jtotal “ ~Jf ` ~Jp ` ~Jm “ ~Jf `
BP
Bt
`∇ˆ ~M (4)
where subscript f represents implemented currents density,
p and m represents currents density caused by polarization
density and magnetization density respectively.
߂݈ ߂݄
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Fig. 3. a geometry of a boundary where the normal direction is positive z.
Then imposing the Eq.3 on the boundary as shown in Fig.3,
one can easily get Eq.5
p ~H`
0
´ ~H´
0
q△~l “ pǫ0
B ~E0
Bt
`∇ˆ ~Mqzˆ△l△h (5)
assuming △h Ñ 0, P△h “ P0, and M△h “ M0, Eq.5
reduces to:
H`x ´H
´
x “
BP0y
Bt
`
BM0x
Bz
´
BM0z
Bx
(6a)
H`y ´H
´
y “
BP0x
Bt
`
BM0y
Bz
´
BM0z
By
(6b)
Combining Eq.6 together and reasonably assuming P and M
do not change along z direction due to △h Ñ 0, one gets
the first formula of GSTCs in Eq.1. The another formula in
GSTCs can be obtained in a similar way.
In conclusion, the right side of GSTCs is nothing more than
surface currents densities. Based on this knowledge, it will not
be hard to understand how this study introduces susceptibilities
into FDTD. Since FDTD is a direct solution of Maxwell
equations, the surface currents are already in FDTD. What one
needs to do is to establish a relation between metasurfaces and
surface currents, and susceptibilities are a bridge.
C. the formulation of FDTD-GSTC
This subsection illustrates how to introduce susceptibilities
into FDTD in detail. For the sake of simplicity but without
loss of generality, we start with a surface array of symmetric
scatterers such as square patches. Because the scatterers are
symmetric, non-diagonal elements of χ¯ is zero. In addition,
the sheet is infinitesimal thin, so there is no separated charges
and currents flowing from top to bottom, which means χze “ 0
and χxm “ χ
y
m “ 0 [14]. Therefore, Eq.2 can be simplified as
~P “ ǫ
»
–χ
x
e 0 0
0 χye 0
0 0 0
ﬁ
ﬂ
»
–ExEy
Ez
ﬁ
ﬂ ~M “
»
–0 0 00 0 0
0 0 χzm
ﬁ
ﬂ
»
–HxHy
Hz
ﬁ
ﬂ (7)
Generally, the electric current densities contributed by the
electric and magnetization polarization densities are
~Jp “ jω ~P (8a)
~Jm “ ∇ˆ ~M (8b)
Therefore, the right hand side of Eq.(1a) can be regarded
as electric current densities and from the view of duality
principle, the right hand side of Eq.(1b) can be regarded as
magnetic current densities. Based on Eq.(1a) and Eq.7, one
can obtain
△Hx “ Jy “ pǫ0χ
y
e
BEy
Bt
´ χzm
BHz
Bx
qyˆ (9a)
△Hy “ Jx “ pǫ0χ
x
e
BEx
Bt
` χzm
BHz
By
qxˆ (9b)
where Jx and Jy are equivalent electric current density in
the metasurface. The magnetic current density is zero because
△ ~E “ 0. In addition, we have
ż
~Hd~l “ ǫ0
ż
B ~E
Bt
d~s`
ż
p ~Jp ` ~Jmqδpzqd~s (10)
If the metasurface is located at cell pi, j, pq, from Eq.9 and
Eq.10, one can get the updating equation of Ey at cell pi, j, pq
based on the Yee grid, formulated as
E
n
y pi, j, pq “ E
n´1
y pi, j, pq `
△t
ǫ0
r
Hxn´1{2pi, j, pq ´Hxn´1{2pi, j, p´ 1q
△z
´
Hzn´1{2pi, j, pq ´Hzn´1{2pi´ 1, j, pq
△x
s
´
△t
ǫ0
Jy
△z
(11)
where Jy is the electric current density in y direction caused
by the metasurface, written as
Jy “
ǫ0χ
y
e
△z
Eny pi, j, pq ´ E
n´1
y pi, j, pq
△t
`
χzm
△z
H
n´1{2
z pi, j, pq ´H
n´1{2
z pi´ 1, j, pq
△x
(12)
rearranging Eq.11, one can get
Eny pi, j, pq “ E
n´1
y pi, j, pq `
△t△z
ǫ0p△z ` χ
y
eq
r
Hxn´1{2pi, j, pq ´Hxn´1{2pi, j, p´ 1q
△z
´
Hzn´1{2pi, j, pq ´Hzn´1{2pi´ 1, j, pq
△x
s
`
χzm△t
ǫ0p△z ` χ
y
mq
H
n´1{2
z pi, j, pq ´H
n´1{2
z pi´ 1, j, pq
△x
(13)
The derivation of Expi, j, pq is in a similar procedure, which
4is shown in Eq.14.
Enx pi, j, pq “ E
n´1
x pi, j, pq `
△t△z
ǫ0p△z ` χxe q
r
Hzn´1{2pi, j, pq ´Hzn´1{2pi, j ´ 1, pq
△y
´
Hyn´1{2pi, j, pq ´Hyn´1{2pi, j, p´ 1q
△z
s
´
χzm△t
ǫ0p△z ` χxmq
H
n´1{2
z pi, j, pq ´H
n´1{2
z pi, j ´ 1, pq
△y
(14)
Updating equations in other cells is as same as conventional
FDTD.
Compared to updating equation of conventional FDTD, the
difference is the auxiliary coefficients and the additional last
term. Then the implementation of FDTD-GSTC will be very
easy. As shown in Fig.4, the conventional FDTD flowchart
can be modified to include the steps of the susceptibilities.
The auxiliary parameters and coefficients required by the
susceptibilities are initialized before the time-marching loop.
During the time-marching loop, at every time step, first the
electric field components are updated in the problem space
using the conventional updating equation. Then the last term,
calculated by the corresponding magnetic fields and suscepti-
bilities, are added to their respective electric field components
only at the metasurface regions. The next step is updating
the magnetic field components in the problem space using the
conventional updating equation. Then the last term, calculated
by the corresponding electric fields and susceptibilities, are
added to their respective electric field components only at the
metasurface regions.
Set problem space and FDTD parameters
start
Initialize coefficients of FDTD-GSTC
Update E in all  regions
Add the last term to E on the metasurface plane 
Update H in all regions
Add the last term to H on the metasurface plane
Last 
iteration?
NO
YES
post
Fig. 4. A flowchart of our method named FDTD-GSTC. Only in metasurface
region, the updating equations need to be modified.
D. database establishment
Before the implementation of the proposed method in this
study, there should be a database of susceptibilities for differ-
ent scattering particles. One way to establish the database is
based on the relationship between susceptibilities and reflec-
tion and transmission coefficients, which has been derived in
[15] [16]. Starting with the following simple relationship (see
Eq.15):
△ ~H “ p1´Rq ~Hi ´ T ~Hi (15a)
~Hav “ pp1´Rq ~Hi ` T ~Hiq{2 (15b)
△ ~E “ p1`Rq ~Ei ´ T ~Ei (15c)
~Eav “ pp1 `Rq ~Ei ` T ~Eiq{2 (15d)
for a structure made by perfect electric conductor, one can
assume 1`R “ T to get Eq.16 from Eq.1 and Eq.2:
TE : T “
cospθq
cospθq ` jk0pχ
y
e ´ χzmsin
2pθqq
(16a)
TM : T “
2
2` jk0χxmcospθq
(16b)
where θ is the incident angle and k0 is the wavenumber. Then
for a central symmetric scatterer, one have χxe “ χ
y
e . As a
result, one can get χxe and χ
y
e form transmission coefficients
when the incident angle is zero according to Eq.16. After this,
χzm can be obtained when the incident angle is not zero, such
as π{4.
With the above relationship in Eq.16, a procedure of the
database establishment is shown in Fig.??. A scattering parti-
cle is simulated with periodic boundary conditions [17]. The
transmission coefficient of the particles with different size can
then be obtained by using parameter sweep of the size of
the scattering particle. After this, susceptibilities of scattering
particles for different size can be obtained. It is worth to notice
that there just need two simulations (normal incidence and
oblique incidence) for obtaining susceptibilities of the scatterer
with different size due to the parameter sweep option.
A reverse procedure, to obtain scattering coefficients from
susceptibilities, will also presented here for two reasons: a
verification of our proposed method; a proof of susceptibilities
independent on frequencies. The simulated scattering particle
is a square metal patch whose side length is 2mm and the
period of the unit cell is 3mm. Susceptibilities are calculated
by using method mentioned above, resulting in χxe is 1.207ˆ
10
´3, χye is 1.207 ˆ 10
´3 and χzm is ´0.517 ˆ 10
´3. The
obtained susceptibilities are introduced into FDTD code. The
reflection coefficient obtained by FDTD-GSTC is compared
with HFSS and conventional FDTD which simulate physical
structures. It can be observed from Fig.6 that they agree
well with each other in a wide range of frequencies. The
tiny difference between our results and HFSS is caused by
numerical errors.
The results is an important verification that our proposed
method FDTD-GSTC is valid in a wide range of frequencies.
More specifically speaking, χ¯ is an intrinsic character of the
scatterers, which is not depend on the frequency of incident
waves.
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Fig. 5. the scattering particle of the metasurface is a metal patch, which
is placed at xoy plane. The problem space is truncated by periodic boundary
conditions in horizontal direction and by perfect matched layer in z direction.
Susceptibilities of particles with different size can be obtained by parameter
sweep.
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FDTD
Fig. 6. The eflection coefficient of a periodic structure computed by HFSS,
FDTD-GSTC and conventional FDTD. They agree well in a wide range of
frequencies.
III. SIMULATION EXAMPLES
This section illustrates a simulation of a non-uniform meta-
surface comprises 20ˆ 20 scattering particles. The scattering
particles are square metal patches with different size. The
metasurface is first mapped into a discrete distribution of
susceptibilities as illustrated in Fig.7. Those distribution of
susceptibilities are then introduced into FDTD to simulate the
performance of the metasurface. The simulation results agrees
well with conventional FDTD and HFSS, while the consuming
time is 10 times shorter than conventional FDTD.
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Physical structures Distribution of susceptibilities
Fig. 7. A metasurface composed by different scattering particles is mapped
into a discrete distribution of susceptibilities.
The metasurface is placed at xoy plane and the problem
space is truncated by a perfect matched layer as illustrated
in Fig.8. A plane wave propagating in negative z direction is
added to the problem space by using total field/scattered field
technique.
The metasurface is a replication of a supercell constructed
by four different scatterers, in which the side length of the
scatters are 2.8mm, 2mm, 2.4mm and 2.6mm respectively
and the susceptibilities of them are χxe pn,mq “ 4.599 ˆ
10
´3, χzmpn,mq “ ´2.060ˆ 10
´3, χxe pn` 1,mq “ 1.207ˆ
10
´3, χzmpn ` 1,mq “ ´0.517 ˆ 10
´3, χxe pn,m ´ 1q “
2.194ˆ 10´3, χzmpn,m´ 1q “ ´0.903ˆ 10
´3, and χxe pn`
1,m´1q “ 3.095ˆ10´3, χzmpn`1,m´1q “ ´1.367ˆ10
´3
respectively. The physical structure is first mapped into a
discrete distribution of susceptibilities and then the physical
metasurface in the problem space is replaced by surface of
susceptibilities.
ݔ y
ݖ
݌ ൌ ͵݉݉
ܽ ൌ ʹǤͺ݉݉ ʹ݉݉
ͳǤͶ݉݉ ܽ ൌ ʹǤ͸݉݉ ݌ ൌ ͵݉݉
Ӗ߯ ሺ݊ǡ݉ሻ Ӗ߯ ሺ݊ ൅ ͳǡ݉ሻ
Ӗ߯ ሺ݊ǡ݉ െ ͳሻ Ӗ߯ ሺ݊ ൅ ͳǡ݉ െ ͳሻӖ
Conventional FDTD FDTD-GSTC
metasurface
x
z
metasurface
PML
P
M
L
PML
P
M
L
ܧ௫ܪ௬
Incident waves
Fig. 8. A metasurface constructed by 20 ˆ 20 different scatterers is placed
at xy plane. The problem space is truncated by a perfect matched layer
and the incident plane wave propagate in negative z direction. In our new
method, FDTD-GSTC, the physical scatterers are mapped into a distribution
of susceptibilities.
6TABLE I
CONSUMED TIME
Conventional FDTD FDTD-GSTC
time (s) 16699 1505
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Fig. 9. A bi-static RCS of the non-uniform metasurface placed at xy plane
computed by HFSS, conventional FDTD and our new method. The observation
plane is xz plane for the upper figure and the observation plane is yz plane
for the lower figure.
The incident wave is a Guassian pulse whose central fre-
quency is 10 GHz and the bandwidth is 4 GHz. In conventional
FDTD, the cell size was made as dx “ dy “ dz “ 0.1
mm to accurately model the physical structure, the time step
width is calculated by dt “ dx{p2cq where c is velocity of
light, and the number of time step for time marching loop is
1000. By contrast, the cell size of FDTD-GSTC method is
made as dx “ dy “ dz “ 0.3 mm, the time step width is
calculated by dt “ dx{p2cq, and the number of time step for
time marching loop is 500. The consuming time of the two
method is compared in table.I, showing that FDTD-GSTC is
almost 10 times faster than conventional FDTD.
In terms of accuracy, the bi-static RCS is calculated in xz
plane and yz plane by using FDTD-GSTC, conventional FDTD
and HFSS respectively. It can be observed in Fig.9 that they
agree very well.
IV. CONCLUSION
Prior work about metasurfaces simulation is either by di-
rectly simulating physical structures or by adopting impedance
boundary conditions. However, the former is time-wasting and
memory-consuming and the latter is only proper for a narrow
scope of metasurfaces, such as impedance modulated array
[18].
In this study, we introduced susceptibilities into FDTD
to reduce computational burden of metasurfaces simulation.
Our method is valid in a wide range of frequencies. A
finite non-uniform metasurface is simulated by FDTD-GSTC,
conventional FDTD and HFSS respectively and they agree
very well. The consumed time of our method is 10 times
shorter than conventional FDTD.
Susceptibilities we introduced into FDTD are found
uniquely defined by the size and shape of scattering particles
of metasurfaces. Since susceptibilities are a homogenization
of the unit cell, number of grids can be greatly reduced by
analyzing a distribution of susceptibilities instead of physical
structures.
Our method is based on Generalized Sheet Transition
Conditions (GSTCs), which link electromagnetic fields on
the two sides of metasurface through electric and magnetic
polarizabilities. The polarizabilities represent scattering parti-
cles of metasurfaces, which can be approximately calculated
from electromagnetic fields interacting with the particle and
respective susceptibilities.
Metasurfaces, as a thin sheet, whose analysis usually con-
sumes many computational resources and time. A smart way to
address this situation is through boundary conditions. GSTCs,
as an general relationship, can address both electric and
magnetic discontinuities, which are chosen by this study.
At present, there is no this kind of boundary conditions in
commercial software, so this study introduced it into FDTD.
A limitation of this study is the way to extract susceptibilities,
which is by using far field information. Future work should
therefore include the information of near field. Besides, limited
by the method of susceptibilities extraction, this study can only
address the metasurface constructed by repetitive structures.
Future work should also improve this situation.
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